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Task 1 (40%): Linear Regression and re-
alization theory

a)

Given a lst order system (ie. a system with one state)

Tir1 = Oz + Oqug + Oreg, (1)
Yk = T+ ek, (2)

where #; and 0, are unknown parameters and e is white noise.

Find a linear regression model of the form
T
Yk = @i 00 + €. (3)
Define the parameter vector 6y and the vector ¢, of regressors.

Consider the linear regression model Eq. (3) and known data variables
yx and @i for known discrete time instants k =1,..., N.

Consider the following prediction error criterion

z

VN(Q) = %Z E{Afik (4)
k=1

where A is a specified and symmetric weighting matrix.

e Define the Prediction Error g 7

e Find the Ordinary Least Squares (OLS) estimate, Gy, of the true
parameter vector 0.

Orthogonal projections. Consider the linear equation
Y =0X+E, (5)

where the matrices Y € R™*Y and X ¢ R**V are known matrices. The
matrix £ € R™*N ig a matrix of noise and uncorrelated with X. We
assume N > n.

e Define the mathematical definitions for the orthogonal projections
Y/X and Y X+ 7
e Write down a two dimensional figure to illustrate the projections?

e sY =Y/X +YX?' correct or not ?



d) Ordinary Least Squares regression

o Find an estimate of O in Eq. (5) ?
e Find a prediction Y of Y in Eq. (5) ?

e Is there an connection with the projection Y/X 7

e) Assume known impulse responses
Hy=DA*'BVYk=1,...,5. (6)
Answer the following:
e Write down the Hankel matrices Hyj;, and Hy;, where you should

use L = 2.

e How are Hy; and Hy related to Oz, C; and A ? (Here Oy, and
C; are the extended observability and controllability matrices, re-
spectively.)

e Show how you can find the system order, n, the extended observ-
ability matrix O and the extended controllability matrix C; from
a Singular Value decomposition (SVD).

e Iind a formula for calculating the system matrix A ?

Task 2 (30%): Kalman Filter, Prediction
Error Method

Given a linear system

LT+l = Az + Buy + Uk, (7)
Ye = ka + Wy, (8)

where v, and wy, are white process and measurements noise, respectively.

a) What is an optimal state observer ? and give an example of such an
observer? (give a short description)

b) Formulate a Kalman filter on apriori-aposteriori form for the linear sys-
tem in Egs. (7)-(8), i.e. involving variables Z; and Z; and g,

c) Formulate the innovations formulation of the Kalman filter.

d) Commenting upon the relationship between the two formulations in 2b)
and 2¢) above.



e) Given a non-linear system

Tier = [T uk) + vk (9)

Ye = glze) + we (10)

where v, and wy are discrete white process noise and discrete white
measurements noise, respectively.

Formulate the Kalman filter on apriori-aposteriori form for the non-linear

system model in Egs. (9) and (10).

f) The Kalman-filter on prediction form is often used in connection with
Prediction error Methods (PEM) for system identification.

e Writc down the Kalman filter on prediction form for the system in
Egs. (7) and (8) ?
e Define the Prediction Error (PE) g 7

e Agssume that we want to use PEM to find the parameters in a single
input single output system with n = 2 states. Write down the
structure of a 2nd order model on canonical form and define the
parameter vector 6 7

Task 3 (30%): Subspace System Iden-

tification: Combined Open and Closed
Loop Systems

Consider the discrete time model on innovations form, ie.

Tpr1 = Axp+ Buyg + Cey, (11)
Yk = Dzy+ Eugp+ Fey (12)

where e, is white noise with unit covariance matrix, i.e., E(egel) = I and
where the following output and input data matrices are known

u
y=| U e RV =] 1 e RVNxT (13)
UN-1 UN_1

a) Based on the model in Egs. (11) and (12) and with known data as given
in (13) we can develop the following matrix equations

Yjr=0:X;+ HgUJ|L+g~1 + H{Ej, (14)
Yy = ALYy + BLUjjpg + CLE s 11, (15)

3



where J > 1 and L > 1 are user specified positive integer numbers.

Write down the structure of the matrices in the matrix Eqs. (14) and
(15), with parameters N =10, L =2, J =2 and g = 0.

By using (13) and Eqgs. (14) and (15) we may formulate the equations
Zy =0.X5 (16)
and
ARSI ALZJ|L (17)
Find expressions for the data matrices Zy;, and Z;,|;, for the following
two cases:
e 3 deterministic system, i.e., when e, = 0.
e 3 general combined deterministic and stochastic system.

Remark: define the projections which is involved in the expressions for
ZJ+1|L and ZJ|L-

Show how
e the system order, n

e the extended observability matrix Oy,

e the system matrices A and D
can be estimated.

Consider now the following Kalman filter on innovations form

Tprr = Axp+ Buy + Key, (18)
e = Dzp+ Bug+ &g (19)
What is the relationship between the Kalman filter on innovations form

in Egs. (18) and (19) and the innovations formulation in Egs. (11) and
(12)?

Consider that the known input and output data as given in (13) are
collected in closed loop, i.e., we assume that there is feedback in the
known data.

From Eq. (12) with £ =0, or Eq. (14) with L = 1 and g = 0, we may
define the matrix Equation

Ym=DX,p+ FE; (20)
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e Define the data matrices Y1, X1 and Ej;.

e Consider the projection

) U
Zm = FEp=Ymn-Yy/ [ i }

Yoz
[FEJ F€J+1 FBN_l]
- [ €] €jy1 --+ EN-1 ] (21)

Explain how this projection can be used in order to develop a sub-
space identification algorithm for closed loop systems.



