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Solution proposal: Exercise 1
Task 1

1. The state space model consists of two equations, one state equation,
rty1 = Axy + Bug, and one output equation, y; = Dxy + Eu;. We can
now define the equations for the time instants ¢t = 0,1, 2,3, ... and so on.
For simplicity and in order to illustrate we only use the four first time
instants t = 0,1, 2,3. Hence we have

t =0, yo= Dxo+ Euo,
x1 = Axo + Buyg.
t=1, y1 = Dx1+ Fuy = DAxog + DBug + Euq,
r9 = Ar1 + Bup = A2:E0 + ABug + Bu;.
t =2, yo = Dxy+ Euy = DA?xq + DABug + DBuy + Eus,
xr3 = AI‘Q + Bug = A3$0 + A2Bu0 + ABu1 + Bus.
t=3, ys=Dx3+ Fuz = DA3CU[) + DA2BU0 + DABuy + DBus + Fus.

This gives

=0, yo= Dxo+ Euy,

y1 = DAxo + DBug + Fug, 9
t=2, yo = DA%xog+ DABuy + DBu; + Fus, (2)
t=3, y3= DASJZ‘O + DA2BUO + DABuy + DBug + Fus.

This can in general be written as

¢
yr = DAz + Z Hy iv1ui—1 + Fuy (3)
i1

where
H; ;11 = DA"™'B. (4)

is the impulse response matrix for the system at time instant t —i+1. We
have shown that the output from a linear discrete time state space model
is equivalent to a impulse response model driven by the initial state xg
and the inputs, u;, of the system.




2. let us illustrate (2) by using the definition (3). Putting the definition (4)
into (2) gives

t=0, yo= Dxg+ Fuy,

t=1, y1 = DAxy+ Hiug+ Fuq,

t=2, ys = DA%xo + Houg + Hiuy + Eus,

t=3, vy :DA3x()+H3UQ+HQU1 + Hyuo + Fus.

()

We have given that zo = 0. This gives

t= O, Yo = E’u,(),

tzla Y1 :H1UO+EU1,

t =2, yo= Houg+ Hyu; + Fug, (6)
t =3, ys= H3up+ Hauy + Hyug + Fusg,

t =4, ys= Hyuo + Hzuy + Houg + Hiuz + Euy.

From the data matrix

ug 1
(3] 0
U= (%) = 0 (7)
us 0
Uyg 0

we have that
t=20, yo= Fuy,
t=1, y1 = Hiuo,
t= 2, Yo = HQUO, (8)
t =3, ys= Hsuo,
t= 4, Yq = H4U0.

Putting into numerical values gives the system parameter (matrix) F as
follows

Yo
EF=>==-1 9
w="1 (9)

and the impulse responses

Hy=%=2 Hy=2=-1 Hy=%=-19, Hy=%=-193 (10)

u uo

3. The controllability matrix C,, for the matrix pair (A4, B) and its dimension
are given by

C,=[B AB A’B ... A™'B] e R™™. (11)

The observability matrix O, for the matrix pair (D, A) and its dimension
are given by

D
DA

0, = | DA e R (12)

i DAn—l



If the system is controllable then we have that rank(C),) = n and if the
system is observable then we have that rank(O,,) = n.

. We define the extended controllability matrix C'y as follows
Cy=[B AB A’B ... A™'B ... A/7IB] e R™/. (13)

The matrix C; is defined as an extended controllability matrix when
J > n. In the same way an extended observability matrix Op, is defined
as follows

D
DA

o, = | DA? e RMLxm, (14)

bALfl

Oy, is defined as an extended observability matrix when L > n.

From those definitions it is simple to prove Equations (8) and (9) in the
Exercise 1 text, by simply multiply OpC';.

Furthermore we have that rank(Or) = n and rank(Cy) = n when the
system is both observable and controllable. Furthermore we can show
that rank(H|;,) = rank(OLCy) = n.

. A Singular Value Decomposition (SVD) of the Hankel matrix Hy |y, is given
by

Hy, =USVT = U S1V] + U Se V5 = U1 SV (15)

Comparing this with the relationship Hy;, = OLC; shows that we can
take

OL=Uy, C;j=8V (16)
This gives a so called output normal realization.

. In Matlab notations we find D and B as follows

D = Op(l:m,:) (17)

B = C;(;1:r) (18)
. We can show that

H2|L = OLACJ (19)

From this we can compute A as follows

A= (010)'O] Hy 1 CT (C,CT) ! (20)



% Solution Exercise 1: Numerical part
U=[1 0000]°; Y=[-1 2 -1 -1.9 -1.93]";

% Step 2) Impulse responses
HO=Y (1) /U(1);
H1=Y(2)/U(1);
H2=Y(3) /U(1);
H3=Y(4) /U(1);
H4=Y(5) /U(1);

%» Step 5) Computations of 02 og C2
H12 =[H1 H2; H2 H3]

[U,S,V]=svd(H12);

% System order, n, equal to the number of singular values different from
% zero.

s=diag(S)

n=2

% Splitting up the SVD

S1=8(:,1:2); U1=U(:,1:2); V1=V(:,1:2);

02=U1; % Observerbility matrix
C2=S1%V1’; % Controllability matrix
b=C2(:,1)
d=02(1,:)

% Computing A
H22=[H2 H3; H3 H4]
a=pinv(02°’*02)*02’ *H22*C2’ *pinv (C2%C2’)

% Test: Check if the model gives the impulse responses.
h1l=dxb

h2=dx*ax*b

h3=d*a”2*b

h4=dx*a~3*b



